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Summary: 

"he nonlinear magnetization characteristics of recently developed ferro-  

f lu ids  complicate s tudies  of wave qynamics and s t a b i l i t y .  A general formulation 

of the incompressible ferrohydrodynamics of a fe r rof lu id  w i t h  nonlinear magneti- 

zation charac te r i s t ics  i s  presented which distinguishes c lear ly  between e f f ec t s  

of inhomogeneities i n  the f l u i d  propert ies  and saturat ion e f f ec t s  from nonuniform 

fields.  The formulation makes it c l ea r  tha t  w i t h  uniform and nonuniform f ie lds  

the magnetic coupling w i t h  homogeneous f lu ids  i s  confined t o  interfaces;  hence 

it i s  a convenient representation f o r  surface interact ions.  

Detailed at tent ion is given t o  waves and i n s t a b i l i t i e s  on a planar in te r face  

between fe r rof lu ids  stressed by an a r b i t r a r i l y  directed magnetic f ield.  The close 

connection w i t h  related work i n  electrohydrodynamics is  c i ted  and emphasis i s  given 

t o  the effect of the nonlinear magnetization charac te r i s t ics  on osc i l la t ion  fre- 

quencies and conditions f o r  i n s t ab i l i t y .  

investigated using quasi-one-dimensional models f o r  the imposed f ie lds  i n  which 

either a perpendicular o r  a tangent ia l  imposed f ie ld  var ies  i n  a direct ion perpen- 

dicular t o  t h e  interface.  Three experiments are reported which support the theore t i .  

c a l  models and emphasize the i n t e r f a c i a l  dynamics as w e l l  as the s t ab i l i z ing  e f f e c t s  

of a tangent ia l  magnetic f ie ld .  

surface waves are measured as a function of magnetization w i t h  fields imposed first 

The effects of nonuniform f ie lds  are 

The resonance frequencies of ferrohydrodynamic 



perpendicular, and second tangent ia l ,  t o  the  unperturbed interface.  In a t h i r d  

experiment, the  second configuration i s  augmented by a gradient i n  the imposed 

magnetic f i e l d  t o  demonstrate the s t ab i l i za t ion  of a fe r rof lu id  surface supported 

against gravi ty  over a i r ;  t h e  ferromagnetic s t ab i l i za t ion  ofARayleigh-Taylor 

i n s t a b i l i t y  . 
a 

I. Introduction 

A. Background 

Ferrofluids,  as recently developed by Rosensweig and h i s  associates,  are 

col lo ida l  dispersions of sub-micron s i z e d  ferr i te  pa r t i c l e s  i n  a c a r r i e r  o r  parent 

f l u i d  such as kerosene (Rosensweig, 1966&). Unlike ear l ier  f lu ids  of t h i s  s o r t ,  

the  pa r t i c l e s  do not f locculate  upon the application of strong magnetic fields; 

thermal agi ta t ion and the presence of a dispersing agent tha t  coats each p a r t i c l e  

guarantee a permanent col loid.  

dependence of v iscos i ty  and surface tension on magnetization. 

f l u ids  the conductivity, which is  very small; is on the order of that  of the base. 

Numerous applications f o r  these f lu ids  appear possible,  including novel 

Experiments indicate  t h a t  there i s  only a s m a l l  

In  kerosene-based 

energy conversion schemes (Resler and Rosensweig , 1967) , l ev i t a t ion  devices 

(Rosensweig, 1966 ), and ro ta t ing  seals (Rosensweig e t  al, 1968). 

opments, an understanding of the fundamental f e r ro f lu id  dynamics i s  essent ia l .  

b In  these devel- 

Research has been car r ied  forward t o  understand the  static response of the 

f lu ids  t o  the  magnetization forces (Neuringer & Rosensweig, 1964). In systems 

of homogeneous ferrol iquids  , surface interact ions are par t icu lar ly  important , as 

emphasized by a recent investigation of the  destabi l iz ing influence of a magnetic 

f i e l d  i n i t i a l l y  imposed normal t o  the f l a t  in te r face  of a f e r ro f lu id  (Cowley & 

Rosensweig, 1967). This work d r a w s  a t ten t ion  t o  the l imitat ions a r i s ing  from 
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s t a t i c  i n s t a b i l i t y ,  and f o r  the par t icu lar  case considered, shows how account 

can be taken of nonlinear magnetization character is t ics .  

B. Scope 

In the work presented here, a general formulation i s  developed f o r  studying 

wave dynamics and i n s t a b i l i t y  i n  nonlinear fe r rof lu ids  w i t h  bias fields tha t  can 

not only have an a rb i t ra ry  or ientat ion,  but can a l so  be nonuniform. "he formu- 

l a t ion  permits a c lear  d i s t inc t ion  between the  ro les  of inhomogeneity i n  the f l u i d  

properties and nonuniformities i n  the imposed magnetic field. 

Consideration i s  given t o  i n t e r f a c i a l  dynamics and i n s t a b i l i t y  of homogeneous 

l iqu ids  separated by a planar interface stressed by a uniform f i e ld  of a rb i t r a ry  

or ientat ion.  Then, t he  e f f ec t s  of f i e l d  gradients i n  such systems are explored f o r  

par t icu lar  f ie ld  orientations.  Final ly ,  several  experiments are described t h a t  

serve t o  i l l u s t r a t e  the nature of fe r rof lu id  surface interact ions , w i t h  emphasis 

given t o  the dynamic , ra ther  than the static,  behavior. 

C. DielectroDhoretic Analogy 

If the magnetization charac te r i s t ics  of ferrof luids  were l i nea r ,  t h e i r  dy- 

namics woad be the  complete analog of electrohydrodynamic polar izat ion in te r -  

actions: dielectrophoretic phenomena (Pohl, 1960). 

now available concerning t h i s  c lass  of electrohydrodynamics, it is  possible t o  c i t e  

a number of s tudies  tha t  have d i rec t  implications f o r  ferrohydrodynamics. The 

analogy Between dielectric and magnetic f l u i d  mechanics is  developed in,early work 

on l i nea r ly  magnetized f lu ids  (Melcher, 1963). 

mask dielectrophoretic e f f ec t s ,  and so high frequency ac e l e c t r i c  f ie lds  are often 

used t o  bias the  f lu ids  (Devitt & Melcher, 1965). 

Because much information is  

an 

The e f f ec t s  of free charge commonly 

Because of p rac t i ca l  applications 
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t o  the or ien ta t ion  of cryogenic l iqu ids  i n  the zero-gravity environments of 

space, analyses have been made of systems of homogeneous and inhomogeneous 

l iqu ids  w i t h  in terfaces  s t r e s sed  by e s sen t i a l ly  tangent ia l  fields with gradients 

d i rec ted  perpendicular t o  t h e i r  in te r faces  (Melcher & Hurwitz, 1967) ,  of homo- 

geneous l iqu ids  in te rac t ing  w i t h  concentrated f i e ld  gradients (Melcher e t  al , 19681, 
and of steady and dynamic l i n e a r  and ro t a t ing  flows confined by dielectrophoret ic  

" w a l l s "  t h a t  take advantage of concentrated f i e l d  gradients (Melcher e t  al, 1969) 

(Calvert & Melcher 1969 ) . 
Much of t he  theo re t i ca l  development which follows i s  motivated by t h i s  pre- 

vious a c t i v i t y  i n  electrohydrodynamics. The major contribution i n  placing th i s  

work i n  t he  context of f e r ro f lu id  dynamics i s  i n  t h e  extensions of the formulation 

t o  the case of nonlinear magnetization charac te r i s t ics .  The theo re t i ca l  exten- 

sions made here apply equally wel l  t o  the  dielectrophoret ic  in te rac t ions  of 

l i qu ids  having nonlinear polar izat ion charac te r i s t ics .  

11. Formulation 

A. Magnetization and Deformation: F ie ld  Equations 

I n  t he  c lass  of magnetic l iqu ids  avai lable ,  the  magnetization density,  K, i s  
- 

induced colinear w i t h  t he  magnetic f ie ld  in tens i ty  , H, 

charac te r i s t ics  of Fig. 1 therefore  provide su f f i c i en t  information f o r  represent- 

ing the  e f f e c t s  of the f l u i d  motion on the  magnetic f i e lds .  I n  terms of the mag- 

net i c  suscep t ib i l i t y  , 

The magnetization magnitude 

- 
M = x(al .... a ,H2)g n 

-- 
where H 2= H*H. 

f l u id .  

Here, the parameters a . . . g, are l o c a l  propert ies  of t he  
1 

The suscep t ib i l t i t y ,  x, is  determined by t h i s  s e t  of n parameters and the 

magnitude of t he  loca l  magnetic f i e l d  in tens i ty .  For example Eq. (1) might take 
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I - 5  
the forms (see Fig. 1) x = al(a2H2+ 1) , o r  x = U,Sech /%-a2, i n  which 

I case there are only two ai s. 

the assumed re la t ion  t o  the magnetization charac te r i s t ic .  

These might be determined by attempting t o  fit 

The charac te r i s t ic  (Fig. 1) represents the magnetization of a homogeneous 

l iqu id  sample, a family of such curves i s  required to describe an inhomogeneous 

l iquid.  Although the parameter ai i s  similar t o  the parameter H2 i n  tha t  it i s  

an Eulerian function of space and t i m e  [ a i ( ? , t ) l ,  it differs from H2 insofar  as 

it represents the loca l  magnetic properties of the f l u i d ,  and, ignoring e f f ec t s  

of compressibility, can be iden t i f i ed  w i t h  a given f l u i d  pa r t i c l e .  This re su l t s  

i n  

= o  Dai 

D t  
- 

The dependences of the a.'s on I; account f o r  the contribution of f l u i d  
1 

inhomogeneity t o  var ia t ions i n  the  local magnetization, while  t he  dependence of 

H on r accounts f o r  the effect of a nonuniform magnetic f ield in tens i ty .  

It w i l l  be convenient at  times t o  use the magnetic f lux  density 

2 -  

and per- 

meability 1 ~ ,  where i n  the usual way 

MKS u n i t s  are used, w i t h  1.1, = hnxlO-' 

In  writ ing the f ie ld  equations f o r  the stressed f lu id ,  it is  helpful  t o  

define the tensor 

where 6 i s  the  Kronecker delta function. If these parameters are evaluated 
Jk - -  

at a given (M,H) they can be wri t ten i n  terms of the appropriate suscep t ib i l i t i e s  

X and X defined geometrically i n  terms of the M-H curve i n  Fig. 1 . I n  terms 

of X and X,, Xq. ( 4 )  becomes: 

S 



because aVaH2 = (xs- x)v,/2H2 . 
In t e re s t  here centers around motions i n i t i a t e d  from a s t a t i c  equilibrium 

wherein the magnetic f i e l d  in tens i ty  has the  equilibrium dis t r ibu t ion  Eo('F), 
and any inhomogeneity of the f l u i d  is accounted f o r  by equilibrium dis t r ibu t ions  

of the ai's, aio(;). The dynamic f i e l d  variables then take the  form 

where - V$ represents the  perturbation magnetic f i e l d  in t ens i ty  and ai)  the 

loca l  perturbation i n  the magnetization parameter a 

matically guarantees tha t  perturbations i n  H are i r ro t a t iona l .  The condition 

Note t h a t  Eq. (6)  auto- i' 

that the  magnetic flux density be solenoidal gives a re la t ion  t h a t  must be satis- 

f ied by J1 and the ai's. 

Vi{LU"(r)+ p " ( r , t> l [P  - V$$ = 0 

where the perturbation i n  permeability p' is ,  i n  turn: 

with the  superscript  zero indicating quant i t ies  evaluated at [ a . O  ,(H0I2]. 

To l i nea r  terms, these last two expressions require t h a t  V ' V ~ ' ~ ? ~  = 0 and 
1 

n 

w i t h  the components of 5 given by either Eq. (4)  o r  Eq. (5 )  evaluated at 

[ a i o , ( H o ) 2 ] .  

<? k 

Terms where an index appears twice and the summation is not 
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indicated exp l i c i t l y ,  are t o  be summed 1 t o  3. 

The l inear iza t ion  of Eq. ( 2 )  y ie lds  n additional equations which relate 

the  ai's t o  the  veloci ty  ff of the  f lu id .  

These last two expressions embody the  influence of L e  f l u i d  motions on the  

magnetic f i e l d  dis t r ibut ion.  

B. Force Density and Stress  Tensor 

For a l inea r  re la t ionship between M and H,  where x and 1.1 are independent 

of H2, the  c lass ic  Korteweg-Helmholtz force density -H2V1.1/2 and i ts  associated 

1 stress tensor  T = uHiHj - - 6.  vH2 account f o r  t he  coupling of the  magnetic 
i j  2 Ij 

f i e l d  t o  the  f l u i d  (Strat ton,  1941). 

absence of an applied f i e l d  and thermodynamic e f f ec t s  such as f l u i d  compressi- 

Because e f f ec t s  of magnetization i n  the  

b i l i t y  and temperature are considered insignif icant  f o r  t he  present purposes, 

a derivation of the appropriate force density including the nonlinear m a g n e t i -  

zation can be made by considering conservation of energy f o r  a thermodynamic sub- 

system consisting only of the magnetic f ie lds  as they are influenced by the 

geometric deformations of the magnetized f lu ids .  

o r  i n  the  form of in t e rna l  (heat)  energy i s  excluded. 

theorem f o r  the subsystem states tha t  inputs of e l e c t r i c a l  power e i t h e r  lead t o  

an increase i n  energy s tored i n  the magnetic f i e l d ,  o r  t o  work done on the  

mechanical environment through deformations of t he  f l u i d  caused by the  desired 

magnetization force density. This approach, so widely used i n  elementary lumped 

parameter electromechanics f o r  finding t o t a l  e l e c t r i c a l  forces (Woodson & Melcher, 

1968a), has been used t o  f ind  the  magnetization force density f o r  cases i n  which 

the M-H curves are l i n e a r  (Woodson and Melcher, 196ab). 

Energy storage i n  k ine t ic  form 

The basic conservation 

Because the derivation 
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fo r  the nonlinear case fo l lowthe  same s teps  as given i n  t h i s  last reference, 

only a sketch of the more general derivation need be given here. 

It is convenient t o  think of the f l u i d  as being magnetized by a magnetic 

c i r c u i t  having the exci ta t ion current i, with var ia t ions of' continuum variables 

indicated by 6( ). 

given by 6E. 

- 
Thus, incremental var ia t ions i n  f l u i d  displacements 5 are 

Then, w i t h  the  magnetic fields established and the exci ta t ion cur- 

r en t ,  i, held constant, it can be shown t h a t  

- -  
[ 6 ~ ' -  F*SQ]dV = 0 I V 

with w' the  coenergy density 

0 

This l a t t e r  expression is  determined from the magnetizal,on character is t  

es tabl ishing the  current i, w i t h  the  f l u i d  constrained mechanically. 

The integration of Eq. (12) is  carr ied out over t h e  yolume occupied by the 
- 

magnetic f i e l d ,  and F is  the desired magnetization force density. The steps 

leading t o  t h i s  statement of conservation of energy are the  same as f o r  the case 

where M and H are l inear ly  related. It can also be shown t h a t  because i is main- 

t ained const ant 
r r n  
J.SW'dV = J 6UidV 

i=l 
V V 

Then, because the  ai's are properties attached t o  the f l u i d  pa r t i c l e s ,  

- 
6ui = - G5*Vai (15) 

I n  view of the last two equations, conservation of energy, as expressed by Eq. 

(121, requires 

I 
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In  a treatment such as t h i s ,  f is a thermodynamically independent variable.  

Insofar as t h e  i so l a t ed  thermodynamic subsystem is  concerned, 6: can be inde- 

pendently specified.  Thus it follows t h a t ,  although the  volume, V ,  of Eq. (16) 

i s  not a rb i t r a ry  (it includes a l l  of the volume occupied by the magnetic f i e l d ) ,  

because 6 r  i s  a rb i t r a ry  the  integrand must vanish, and therefore  

n 

Because is  defined i n  an incompressible f l u i d  only t o  within the gradient 

of a pressure,  there are other forms i n  which the force density can be cor rec t ly  

w r i t t e n  (Cowley & Rosensweig, 1967; Penfield & Haus, 1967). This one i s  most 

convenient f o r  the present purposes, because i n  systems of homogeneous f lu ids ,  

Vai = 

c lea r  t ha t  the coupling is confined or  systems of homogeneous f l u i d s  i n  uniform 

and nonuniform f i e lds .  Furthermore, the  surface force density caused by discon- 

0 ,  except at in te r faces .  Thus, w i t h  T i n  the form of Eq. (l7), it i s  
t o  in te r faces  

P 
t i n u i t i e s  i n  the  a.'s i s  c lear ly  perpendicular t o  the in te r face .  As i n  the  l i n e a r  

case,  there  are no shear surface force dens i t ies  produced at in te r faces  by the 

1 

magnetic field. 

It i s  a matter of d i r ec t  evaluation t o  show t h a t  Eq. (17) f o r  the  force 

density can be expressed i n  the  form 

It i s  the  components of 5;' tha t  w i l l  be used t o  wri te  t he  i n t e r f a c i a l  force 

balance i n  Secs. I11 and I V .  
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C. Equations of Motion 

In addition t o  Eqs. (10) and (11) which represent the influence of fluid 

motion on the magnetic f i e l d  d is t r ibu t ion ,  and a l inear ized  form of Eq . (17) 
or  (IS), a complete description of the f l u i d  dynamics i n  magnetic f ie lds  requires 

the usual l inear ized Navier-Stokes equation f o r  an inv isc id  f l u i d  

+ V(p0 + p ' )  = 

and conservation of mass f o r  an incompressible f l u i d  

V G  = 0 

These equations represent 3 +n sca la r  equations and one vector equation fo r  the  
- 

dependent variables $$' ,  p', u1 .... an, v 

111. Systems of Homogeneous Liquids: Uniform Fields 

The f lu id- f ie ld  configuration shown i n  Fig. 2 is  the basis f o r  gaining 

considerable insight  i n t o  the  "self-field" dynamics of systems 

In  regions (a) and ( b ) ,  the  f l u i d  has uniform properties:  aio = constant. 

follows from Eqs.  (11) and (7) t h a t  the  perturbations ait are then zero. 

as is evident from Eq. (17) f o r  t he  force densay ,  coupling i s  confined t o  the 

interface.  To m a k e  matters even simpler, an exact solution for the  equilibrium 

magnetic f i e l d  i n  each region, as generated by the surface currents and the 

of ferrof luids  . 
It 

Then, 

magnet poles , i s  go = H ~ ~ T ~  
ents  are uniform. Thus, the 

determined by the properties 

of the f i e l d  components. If 

+ H O r  where i n  a given region individual compon- 
Y Y' 

parameters 6 O 
i j  

of t he  appropriate f l u i d  and the r e l a t ive  magnitudes 

are  constants i n  a given region, 

the equilibrium quant i t ies  are t o  be associated w i t h  

a given f lu id ,  the  superscript  ( 0 )  i s  replaced by an (a )  or (b) .  

In  the following sections the dispersion equation i s  developed f o r  waves on 

the interface.  Because the imposed f i e lds  are uniform, t h e  perturbation i n t e p  
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f a c i a l  forces can arise only from a l t e ra t ions  i n  the  or ig ina l  f ie ld  d is t r ibu t ion  

a r i s ing  from transverse motions of t he  magnetized in te r face ;  hence, these waves 

demonstrate "self-field" effects .  In  Sec. I V ,  t he  complications of nonuniform 

imposed f ie lds  are discussed. 

from motions through the i n i t i a l l y  nonuniform f ie ld .  

These perturbation surface forces can a lso  arise 

A t  t he  outset ,  the  d is t r ibu t ion  of f ie lds  i s  found, assuming a deflection 
A 

5 = Re 5 exp(jwt -k# -kZz) .  

A. Bulk Fields 

Because the equilibrium f i e l d s  have only x and y components, Eq. (10) be- 

comes (D 5 d( )/&), 

A 

where it has been assumed t h a t  I) = R e  $(x)exp j (ut - kyy- kZz)  

shows t ha t  Eq. (22) i n  turn has solutions: 

Substi tution 

where 

The pole faces are highly permeable, therefore the perturbation tangent ia l  f i e ld  

i s  taken as zero at their  surfaces.  

$(-b) = 0. The appropriate l i n e a r  combination of solutions from Eq. (23) i n  each 

A 

This i s  equivalent t o  making $(a) = 0 and 
A 

region is then 

The constants, A and C ,  are determined by the i n t e r f a c i a l  conditions t h a t  E tan- 

gentid and B normal t o  the in te r face  be continuous. 
- 

I n  terms of the  normal vector 
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and 

b respectively at x = 5, w i t h  UFO0 Fa- F and 040 
these expressions are satisfied i f  at x = 0, 

4a- @b. To l i n e a r  terms, 

and 

-4Gj a3L a x  0 - a 5 n ~ o H y ”  ay 0 = 0 (28) 
I l  

Direct subst i tut ion of Eqs.  (24) i n t o  these last two expressions gives 

A = i {- v o ! H ~ f l B b G ~ x  cosh Bbb + j k  (lpoHOu sinh ebb /A (29 1 
Y Y  1 

where 

A = ~ . I , ( B ~ ? ~  sinh Baa cosh Pbb + cosh Baa sinh Bbb) 

and a similar expression f o r  C ,  given by Eq. (2P) with a l l  a’s and b ’ s  in te r -  

changed and the  sign of t he  second term reversed. 

geometry, the  f i e l d s  are obtained. The associated i n t e r f a c i a l  stresses can 

Thus, given the  interface 

now be computed. 

B. IvIagnetization Surface Force Density 

The x-directed magnetization surface force density i s  

2 

X 
which, i n  view of Eq. (18) requires the  l inear ized  forms of vI3 and w’ : 
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w '  2 wl[ (Ho)2] - v0 ( H i  2 + Ho ") 
Y aY 

Because the  equilibrium f i e l d s  s a t i s f y  the condition ~ I . I ~ H ' € I ~ ~  = 
X Y  

Hyo ovoHi! = 0 ,  t he  last term i n  Eq. (30) vanishes. 

two equations, after subst i tut ion of t he  traveling-wave form f o r  

It follows from the last 

Q, t h a t  

In  tu rn ,  the  surface force density can be re la ted  t o  the  surface deflection 

by using the f ie lds  computed i n  See. A . ,  summarized by Eqs.  (24)  and (29) 

- k 2 Up 0 0 2  Hyo sinh ebb sinh fi 
Y a 

where A i s  defined with Eq. ( 2 9 ) .  

Written i n  the form of Eq. ( 3 3 ) ,  it is  evident t h a t  the surface force 

density i s  e i t h e r  exactly i n  o r  out of temporal and s p a t i a l  phase with the  

deflection. 

def lect ion,  while t h a t  of Ho i s  t o  return the  interface t o  i t s  equilibrium 

posit ion.  This latter force ex i s t s  only i f  there  are components of the wave 

propagating i n  the  y direction. These same qual i ta t ive  consequences apply t o  

the  l i n e a r  magnetization case with the only difference being t h a t  the  nonlin- 

e a r i t y  alters the  magnitude of the  magnetic f i e l d  e f f e c t s  on the  perturbation 

i n t e r f a c i a l  shear. 

The ef fec t  of the normal f i e l d  H: i s  t o  increase fur ther  a given 

Y 
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The dispersion equation follows from the requirement t h a t  t h e  surface 

force-displacement re la t ion  of Eq. (33) be consistent with the mechanical 

equations of motion. 

C. Dispersion Equation 

Because there are no magnetic i n t e r f ac i a l  shear t rac t ions ,  it serves t h e  

present purposes t o  use an inviscid f l u i d  model. 

t he  form p = 

Traveling-wave solutions of 

-5’ -kzz)in the bulk are determined by the condi- R e  p(x)e  

t ions  tha t  the  normal velocity be zero at the  pole faces and continuous at t he  

in te r face ,  and t h a t  the f l u i d  displacement be 5 = R e  6 exp 

the  interface.  

n j(Ut-%y-k,z) at 

It follows tha t  the complex amplitudes of the perturbation 

pressures at points a and f3 j u s t  above and below the interface have the 

difference: 

A h 

Pa - p = - w2 k E [  oacoth ka + pbcoth kb] + &( pb- pa) (34) 

lh w i t h  k = ( k i  + k i )  . The bslance of surface forces,  as i l l u s t r a t e d  i n  Fig. 

2 ,  then requires tha t  

A 

w i t h  Tx the complex amplitude of the  magnetic surface force density. The last 

term arises from the l inear iza t ion  of the surface force density T[a2S/ay2  + 

a 2c/a z2 3 ,  where T i s  the surface tension. 

Substi tution of Eqs. (33)  and (34) i n t o  Eq. (35), w i t h  the  requirement 
h 

t h a t  5 # 0, gives the desired dispersion equation f o r  waves on the interface.  



0' pe q = gk(pb- pa) + k3T - L ~ : o H Z f l ' f 3 ~ f 3 ~ C b , C L  cosh Bbb cosh B a a 

( 3 6 )  - k20yoH0f12sinh Bbb sinh Baa 
Y Y  1 

= pa coth ka + pb coth kb peq 
where 

sinh Baa cosh Bbb + cosh Baa sinh $b 
= '0 kb'xx 1 

Attention i s  now given t o  motions resu l t ing  from par t icu lar  or ientat ions of 

the imposed f ie lds .  The general re la t ion ,  Eq. (361, shows t h a t  although mag- 

net izat ion of the  f l u i d  i n  one direct ion can produce a saturat ion coupling t o  

f i e l d s  i n  another direct ion,  t h e  i n t e r f ac i a l  dynamics resu l t ing  from an imposed 

f i e l d  of a rb i t r a ry  or ientat ion are essent ia l ly  a superposition of e f fec ts  due 

t o  the tangent ia l  and perpendicular f i e l d  components. This i s  not qui te  t r u e ,  

of course, because the  parameters B and 5 

For qua l i ta t ive  purposes and fo r  presently available f lu ids ,  however, t h i s  gives 

a fair  picture  of the dynamics. 

depend on both f i e l d  components. 
i j  

D. Perpendicular F ie ld  Waves and I n s t a b i l i t i e s  

In the case of a magnetic l i qu id  bounded from above by a nonmagnetic 

gas o r  l iqu id ,  and s t ressed by a perpendicular f i e l d ,  parameters i n  Eq. (36) 

reduce t o  
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In  t h i s  case, Eq. (36) reduces t o  

= &(ob- pa) + k3T - ~~(M:)~h l /{ t anh  ka + [tanh (knb)l/n(x + 1) u2 Peq S 

(39 1 
As f o r  the case of a l i n e a r  magnetization charac te r i s t ic ,  the  phase veloci ty  

of i n t e r f a c i a l  waves i s  reduced by the magnetic f ie ld .  I n  the  l i m i t  i n  

which t h e  pole faces are w e l l  removed from the in te r face  (kqb >> 1, ka >> l), 

Eq. (39) shows tha t  there  is a s t a t i c  i n s t a b i l i t y  t h a t  first occurs at the  

Taylor wavelength 2n/k* k" = G T  as M: i s  raised t o  t h e  c r i t i c a l  

These last  deductions are those calculated and experimentally ver i f ied  by 

Cowley and Rosensweig (1967). 

exchange of s t a b i l i t i e s ,  i .e. ,  t h a t  the  i n s t a b i l i t y  i s  incipient  with w = 

Note t h a t  Eq. (39) implies t h a t  there  is  an 

0 .  

In Sec. V I ,  fu r ther  support w i l l  be given t o  t h e  model through an experi- 

ment i n  which the  wavelength (and hence k )  i s  essent ia l ly  fixed, and the  

dependence of t he  frequency on Mx, as given by Eq. (39) b ver i f ied.  

E. Tangential Field Surface Waves 

0 - 
With Hx = 0 and the  equilibrium €I tangent ia l  t o  the  in te r face ,  there 

i s  a tendency f o r  waves propagating along the  f i e l d  l i nes  t o  be st iffened: 

t o  propagate more rapidly. Parameters i n  region (a) are as f o r  Sec. D ,  and i n  

region (b)  

Thus, the  dispersion equation becomes: 
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1-1 k2 (Mb)' o y  y (42) [ (x + l)f$(coth %b)/k + coth ka] 
= gk(%- pa) + k3T + u2peq 

As f o r  t he  magnetically l i n e a r  case, se l f - f ie ld  e f f ec t s  are absent f o r  

perturbations propagating across the  l i n e s  of f i e l d  in tens i ty .  In  Sec. V I ,  

an experiment w i l l  show the  upward s h i f t  i n  frequency of a given wavelength 

predicted by Eq. (42) as a function of M b 
Y' 

I V  Systems of Homogeneous Liquids : Nonuniform Fields 

The ferrohydrodynamics of interfaces  i n  uniform imposed f ie lds ,  as 

developed i n  Sec. V ,  involves the  self-consistent interact ion of f ields and 

f lu ids .  The perturbation i n  the  magnetic surface force density i n  t h i s  case 

arises from a l te ra t ions  of the f i e l d  d is t r ibu t ion  caused solely by d is tor t ions  

of the f l u i d  interface.  On the  other  hand, i f  a nonuniform f i e l d  i s  present,  

the  force perturbations can a l so  arise simply from displacements of the  in te r -  

face through the imposed f i e ld .  (See Calvert and Melcher, 1969, for  a discus- 

sion of "self-field" and "imposed-field" e f fec ts .  ) 

Gradients i n  the imposed f i e l d  a r e  a consequence of f i e l d  "curvature". 

Examples are shown i n  Fig. 3, where the perpendicular and tangent ia l  f i e l d  

configurations are i l l u s t r a t e d  i n  cyl indrical  geometry f o r  an in te r face  having 

the  equilibrium radius of curvature, R. 

It is  not the objective here t o  develop the details of any given non- 

uniform f i e l d  

of the dynamics i n  nonuniform f ie lds  by representing the  f i e l d  gradient e f f ec t s  

configuration, but rather t o  highlight thp e s sen t i a l  features  

i n  terms of quasi-one-dimensional models, In  the following, it i s  s t i l l  assumed 

t h a t  the  in te r face  i s  i n i t i a l l y  f la t  (Fig. 2 )  but t h a t  t h e  imposed f i e l d  com- 

ponents vary s p a t i a l l y  with the x direction. 

nents t h a t  vary w i t h  only one spatial coordinate cannot be both solenoidal and 

i r ro t a t iona l .  However, by Judicious approximations, aimed a t  representing 

O f  course, Cartesian f i e l d  compo- 
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s i tua t ions  such as those shown i n  Fig. 3 where the f ie ld  does have curva- 

t u re  but where i n t e r f a c i a l  wavelengths are s m a l l  compared t o  the  radius of 

curvature, physically meaningful results can be obtained without becoming 

involved i n  the details of Bessel's functions, spherical  harmonics, e tc .  

The quasi-one-dimensional summarizes the s a l i e n t  features  of a wide c lass  

of configurations, because the detailed nature of the f i e l d  nonuniformity i s  

mode 1 

/ 

de-emphasized. The loca l  e f f ec t s  of nonuniformities found i n  cy l indr ica l  , 
spherical  o r  other geometries are equally w e l l  represented by simply evaluating 

the  appropriate l oca l  gradients. 

Because the  f ie lds  are nonuniform, t h e  suscept ib i l i ty  x i s  a function of 

posit ion i n  t h e  bulk of t h e  l iqu ids .  Even so,  w i t h  t h e  force density repre- 

sentation of Eq. (171, the coupling between f l u i d  and f i e l d  remains confined 

t o  the interface.  

A. Boussinesq Approximation 

In  the f l u i d  bulk, ai = 0 and the magnetic f ie ld  d is t r ibu t ion  i s  again 

predicted by Eq. (lo), which becomes 

0 - 0 

Because the  imposed f ie lds  are a function of x alone, cjk = z;jk(x)* 

Thus , Eq. (431, although l inea r ,  has coeff ic ients  tha t  depend on x. 

In  the following, the coeff ic ients  i n  Eq. (43) are approximated by 

constants evaluated at the  equilibrium posit ion of the  interface,  e .g. , 

<ik (x )  -+ z;ik(0) = Gj,. 
f o r  thermal convection i n s t a b i l i t y  (Boussinesq, 19031, Eq. (43) becomes t h e  

constant coeff ic ient  expression 

> 

C 
With t h i s  approximation, familiar from the l i t e r a t u r e  
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The "Boussinesq" approximation i s  pa r t i cu la r ly  w e l l  j u s t i f i e d  here because 

coef f ic ien ts  are  evaluated at the in te r face ,  and t h e  surface w a v e  solut ions 

of i n t e r e s t  tend t o  be confined t o  the neighborhood of the  interface.  Note 

t h a t  t he  first term i n  Eq.  (44)  vanishes unless the  f l u i d  i s  both magnetically 

nonlinear and s t ressed  by a nonuniform f i e l d .  

B. Perpendicular-Field Gradient Effects  

0 -  
If the imposed f i e l d  takes the form 'ii"= Hx(x)ix, Eq. (44 )  reduces t o  

A 

where it has been assumed t h a t  Ji = R e  $(XI exp j ( w t  - k - k Z z ) .  It follows YY 
t h a t  solut ions i n  the  respective regions are 

w i t h  u and 6 defined i n  the  appropriate regions as 

Note that the  solut ions,  E q s .  (46), have been chosen t o  s a t i s f y  the boundary 

conditions at x = a and x = -b, discussed i n  Sec. I I I A .  Even though the  

equilibrium f i e l d  i s  now s p a t i a l l y  varying, t he  l inear ized  conditions at 

x = 0 reduce t o  Eqs. (27) 'and (28), with the la t ter  reducing fu r the r  t o  

ui&D1,!~0 = 0. Subst i tut ion gives the  constants Aa and % i n  terms of 5 i n  a 

form similar t o  Eq. (29).  

A n 
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The magnetization force density is  found by following s teps  familiar 

t o  those of Eqs.  (30)-(33). Now the equilibrium part of Txx i s  a function 

of x and, as it i s  evaluated at t he  perturbed posi t ion of t he  in te r face ,  

contributes a perturbation term proportional t o  6. 
A 

Thus, Eq. (30) becomes 

A - 
Tx - 

h 

Because $ has 

w i t h  Eq. (34), can 

give an expression 

from the condition 

h 

been evaluated i n  terms of 5, t h i s  expression, together 

be introduced i n t o  the stress balance equation (351, to 

t ha t  i s  homogeneous i n  5. 

that  t he  coeff ic ient  of F; vanish. 

A 

The dispersion equation follows 
A 

.. 

evaluated i n  regions (a)  and (b )  i s  wri t ten as i& and C 
5, In  t h i s  expression, 

b 
5xx* 

In in te rpre t ing  t h i s  expression, remember that  each term arises because 

of a perturbation surface force density. The last term i s  a t t r ibu tab le  t o  the  

mutual coupling between f i e l d  and f l u i d  and i s  negative. Although the f i e l d  

nonuniformity does play a quant i ta t ive ro le ,  the  se l f - f ie ld  e f f ec t s  are quali- 

t a t i v e l y  the same destabi l iz ing influence as f o r  a uniform imposed f i e ld .  

The t h i r d  term i n  Eq. (49) r e f l e c t s  the "imposed" f ie ld  effect. It i s  

present because of the chyge  i n  magnetic stress experienced by the in te r face  

as it i s  displaced i n t o  a region of greater o r  lesser f i e ld  in tens i ty .  For 

example, if f l u i d  (a )  of Fig. 3a i s  magnetic, while t h a t  of (b)  i s  not,  then 

there is  a magnetic surface force acting downward on the  interface i n  propor- 

t i on  t o  ( H X I 2  at the  interface.  
0 

Suppose that [ ~ " $ I c  > 0 ,  as i n  the  case 
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i l l u s t r a t e d .  Then an upward excursion of t he  in te r face  is accompanied by 

an increase i n  the  loca l  downward directed magnetic stress, hence a magnetic 

surface force t h a t  tends t o  res tore  the  equilibrium. 

i s  consistent with Eq. (491, because i n  the  example OHZn < 0 ,  which implies 

tha t  t h e  t h i r d  term tends t o  make w2 posit ive.  

i n  cy l indr ica l  coordinates, v0H0 = 

f lux  density at the in te r face)  requires the  t h i r d  term i n  Eq. (49) t o  become: 

This s t ab i l i z ing  effect 

Specif ical ly ,  f o r  the  example 

the  equilibrium radial BoR/(R o x ) ,  (B 
0 

If f l u i d  (a)  i s  magnetic while (b) i s  not ,  ol/pc[ i s  negative and the  term on 

the  r igh t  i n  Eq. (50) i s  posi t ive;  hence it s t ab i l i ze s  the  interface.  

C. Tangential Field-Gradient Stabi l izat ion 

Field configurations characterized by Fig. 3b are modeled by the planar 

interface of Fig. 3d, with the  imposed f i e l d  a function of x. 

equation follows from steps similar t o  those of the  previous section. 

of Eq. (451, Ea.. (44)  reduces t o  

The dispersion 

Instead 

h O C  n n 

D2J, + -@$- DJ, -[(k2GC 1.1 /uc)+ k;]$ = 0 
1.1 Y Y Y O  

(51) 

so t h a t ,  although solutions take the  same form as i n  Eqs. (46 ) ,  t he  parameters 

governing the s p a t i a l  d i s t r ibu t ion  of I/J are 
h 

Linearized boundary conditions f o r  the f i e l d s  are again as given by Eqs. (27) 

and (28), which reduce t o  
n n 

OS! = 0 ; h c D I / J 0  = 3k ;Hc bc! Y Y  (53) 
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h 

These serve t o  f i x  the  coeff ic ients  A 

The perturbation magnetic force density,  l inear ized t o  include the  non- 

and Ab, and hence J,. a 

uniform imposed f i e l d ,  has the  complex amplitude 

Finally,  the dispersion equation follows as i n  previous sections by sub- 

s t i t u t i n g  Eg  (541, with J, writ ten i n  terms of 5, together with Eq. (341, 
n h 

i n to  Eq. (35) 

+ k2 ( H c ) 2 f l ~ c ~ 2 / [ ~ ~ ( o a +  6a coth &,a)+ P:(- ab+ 6, coth 6bb)] (55 1 Y Y  

The last  term i n  Eq. (55) shows t h a t  the  se l f - f i e ld  e f f ec t s ,  although some- 

what modified by the saturat ion e f f ec t s  of the nonuniform f i e l d  d is t r ibu t ion ,  

always tend t o  s t a b i l i z e  perturbations t h a t  propagate along the  l i n e s  of mag- 

ne t i c  f i e l d  intensi ty .  

similar t o  tha t  of the  imposed f i e l d  term discussed i n  the  previous section; 

it can tend t o  s t a b i l i z e  o r  destabi l ize  the in te r face ,  according t o  the  sign 

of the gradient i n  f ie ld  in tens i ty .  

The t h i r d  term on the  r igh t  has a physical origin 

In  the  cy l indr ica l  example of Fig. 3b, f i e l d  gradients are such t h a t  i f  

f l u i d  (a)  i s  magnetic and (b )  is  not,  t he  f i e l d  tends t o  produce a s tab le  

equilibrium. In  par t icu lar ,  t he  equivalent Cartesian f i e l d  is H = KoR/(R - x ) ,  

and the  t h i r d  term of Eq. (55) becomes: 

0 

Y 

The most c r i t i c a l  i n t e r f a c i a l  disturbances are those propagating across the 

l i n e s  of equilibrium f i e l d  in tens i ty  (k 

lengths be s tab le  follows from Eq. (55) as 

= 0 )  and a condition t h a t  all wave- Y 
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Thus, the  f i e l d  gradient can be used t o  s t a b i l i z e  the  equilibrium even with 

the  heavier f l u i d  "on top". 

assumed importance i n  dielectrophoret ic  or ientat ion systems (Mefcher & Hurwitz , 
This type of field-gradient s t ab i l i za t ion  has 

D . Con cent rated Field-Gradient S tab i l iza t ion  

In Sec. I V C ,  it i s  assumed tha t  the f i e l d  gradient is small and comparable 

i n  e f f ec t  t o  the "self-fields" i n  i t s  influence. By contrast ,  consider the 

s i t ua t ion  shown i n  Fig. h a ,  where magnetic sheets having the spacing s are used 

i n  conjunction w i t h  a magnetic c i r cu i t  t o  produce an imposed f i e l d  w i t h  a grad- 

ien t  t h a t  i s  large i n  t h e  neighborhbod of the equilibrium in te r face ,  but essen- 

t i a l l y  zero at adjacent points removed a distance s or  more from the interface.  

(For simplicity,  it i s  assumed that the interface does not reach the neighbor- 

hood of the  upper fringing f i e ld .  ) If t h e  spacing, s ,  between sections of t h e  

magnetic c i r c u i t  i s  made s m a l l ,  t h i s  configuration can give imposed-field e f f ec t s  

much l a rge r  than those due t o  the self f ie lds .  Hence, the la t ter  are ignored 

i n  the following remarks. 

As  the  in te r face  passes through the fr inging f i e l d  region, the magnetic 

surface force experienced by the  in te r face  switches from Rzlly "on" t o  fully 

off"  within a displacement on the order of the  spacing, s. 

at ion i s  sometimes referred t o  as being of t he  "bang-bang" type. 

Thus, the  configur- 11 

Analogous dielectrophoretic interact ions with concentrated f i e l d  gradients 

Attention i s  have been discussed elsewhere (Melcher, Hurwitz & Guttman, 1968). 

confined here t o  indicating the simple generalizations of the electrohydrodynamic 

models required t o  account f o r  nonlinear magnetization character is t ics .  
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In t e r f ac i a l  o sc i l l a t ions  and i n s t a b i l i t i e s  i n  cases l i k e  t h a t  of Fig. 4a 

can be represented with a surpr is ing degree of accuracy by the  equivalent 

pendulum of Fig. 4b. 

t o  approximate the i n e r t i a l  and gravi ta t iona l  charac te r i s t ics  of the  mode t o  be 

represented. It i s  assumed t h a t  the  magnetic segments do not impede the  f l a w  

mechanically; an assumption t h a t  i s  most appropriate t o  motions i n  the  x - z  plane. 

The lengths,  Ra and \, of the  f l u i d  columns are selected 

Pendulum motions are coupled t o  the magnetic f i e l d  only at the interfaces.  

Thus Bernoulli ' s equation shows that ,  

whereTx is  the t o t a l  magnetic force (per un i t  y-z area) acting at the  interfaces  

Analog measurements (Cuttman, 1967) show t h a t  a useful  model represents the  

var ia t ion of the imposed H 

x = s/2 and ending as H 

essent ia l ly  the constant Hm between the segments. 

assumption tha t  the  e f f ec t  of the  f l u i d  on the  f i e l d  i s  negl igible ,  t h i s  dis-  

t r ibu t ion  remains unaltered i n  the face of the f l u i d  motions. 

\ 

2 2 
as a l i n e a r  t r ans i t i on  from (p) 

Y 
s t a r t i n g  as 

= 0 at x = -s/2, as shown i n  Fig. 5a. The f i e l d  i s  
Y 

In accordance with the  

The surface force density Tx act ing on the r igh t  interface of the  pendu- 

l u m  (Fig. 4b) i s  Tx = UT,[ w i t h  Txx from Eq. (18) given as T = -w'. xx 

That is ,  H2 (5)  r 

0 
J 

with H2 given by Fig. Sa, evaluated at the interface;  where x = 5 . 
T" i s  simply Eq. (59) with the  upper l i m i t  of integrat ion (p)2. 

Note t h a t  

As i l l u s t r a t e d  by the  typ ica l  charac te r i s t ics  of Fig. 1, the ef fec t  of 

increasing H2 

force,  p, i s  less than is  obtained i f  i ~ .  were constant at i t s  zero f i e l d  value. 

i s  t o  decrease u. Thus, the  saturat ion magnitude of the  surface 



25 

The typ ica l  var ia t ion of Tx i s  sketched i n  Fig. 5b. 

The t o t a l  magnetic force per  un i t  area on the  pendulum rx i s  the sum of 

the surface force densi t ies  from the  two in te r faces ,  as sketched i n  F ig  5c. 

Like the dispersion equations of the previous sect ions,  the equivalent pen- 

dulum can be used t o  predict  frequencies of o sc i l l a t ion  and conditions for  

in s t ab i l i t y .  Further,  the  neglect of self-fields malres it possible t o  account 

f o r  large amplitude effects. Given the  f l u i d  charac te r i s t ics ,  and H" and s ,  

the dependence of ' I~  on 5 is  known, and the  pendulum motions are simply rep- 

resented i n  terms of a poten t ia l  w e l l .  This approach t o  invest igat ing the  

large-amplitude osc i l la t ions  has been presented i n  the discussiol? of dielec- 

t rophoret ic  concentrated f i e l d  interact ions (Melcher, Guttman & Hurwitz, 1968). 

Note t h a t  the saturat ion magnetic stress, e, assumes the  role  played by $.I(P)~ 
i n  the  l i n e a r  case. For many engineering pumoses, it i s  appropriate t o  rep- 

resent the large amplitude e f f ec t s  by approximating the t r ans i t i on  region of 

Fig. 5c by a s t r a igh t  l i n e ,  saturat ing at rx = f T". 
useful i n  dealing w i t h  the magnetic analog t o  dielectrophoretic "wall-less 

This model would be 

The s t a b i l i t y  of the  equivalent pendulum against  s m a l l  amplitude osc i l la -  

t ions  is investigated by l inear iz ing  'cX at 5 = 0;  from Eq. (591,  

IHz= (Hm/2f 

Substi tution of t h i s  expression i n t o  Eq. (58) shows tha t  the equilibrium is 

stable i f  
I 

Note that  , w i t h  the understanding that p i s  evaluated at H = p/ F, t h i s  i s  
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j u s t  the  condition given by Eq. (57)-  

c r i t i c a l  f o r  i n t e r f a c i a l  s t a b i l i t y  i n  Sec. I V C  (k 

f i e l d s ,  so the equivalence of Eqs. (57) and (61) is  not  surprising. 

Those pertufbations t h a t  are most 

= 0) do not lead t o  self- 
Y 

V I .  Experiments 

Three experiments serve t o  support the  analytical models developed i n  the 

previous section. 

trophoretic f l u i d  dynamics (Devitt & Melcher, 19651, (Melcher & Hurwitz, 1967). 

They are s i m i l a r  t o  s tudies  t h a t  have been reported i n  dielec- 

A. Perpendicular Field Surface Waves 

Convenient experiments f o r  verifying the dispersion relat ions f o r  tangen- 

boundary conditions t o  impose a t i a l  and normally applied magnetic f i e l d s  use 

pa r t i cu la r  wavelength on the f e r ro f lu id  in te r face ,  and consist  of the measurement 

of the  s h i f t  i n  resonance frequency resu l t ing  from additions of magnetic f ie ld .  

A schematic representation of the experiment f o r  the perpendicular f i e l d  case 

i s  shown i n  Fig. 6 ,  together with the  frequency s h i f t  data that i s  t h e  object of 

the experiment. 

Rectangular containers, p a r t i a l l y  f i l l e d  w i t h  fe r rof lu id ,  are driven by a 

low frequency transducer t o  vibrate  i n  the horizontal  plane. 

container at appropriate frequencies, it i s  possible t o  e l i c i t  resonances nea r  

the  na tura l  frequencies of the interface.  

i n t eg ra l  number, n,  of half-wavelengths over i t s  length such t h a t  k = nT/R , 
with the  one-dimensional drive e f fec t ive  i n  constraining kZ t o  be essent ia l ly  

zero. Container dimensions i n  the  horizontal  plane are given i n  the  figure 

By shaking the 

These occur as the  box contains an 

Y 

legend with the data. 

The magnetic f i e l d  i s  produced by Helmholtz co i l s ,  driven by an adjustable 

source of current i n  series w i t h  an ammeter which i s  cal ibrated t o  give the re- 

quired f i e l d  in tens i ty  at t h e  interface.  

f o r  t h i s  and f o r  the  experiment of the next section. In  d l  cases, the  f l u i d  

The experimental procedure i s  iden t i ca l  



depth i s  great  enough t o  make e f f e c t s  of the  container bottom negligible.  

In  a typ ica l  measurement the  resonance condition i s  established by 

varying the  driving frequency so as t o  approach the  resonance once from 

above and once from below. The resu l t ing  data are shown i n  Fig. 6. 

In  t h i s  normal f i e l d  experiment, there i s  an inadvertent gradient i n  the  

imposed magnetic f ie ld  in t ens i ty  at the  in te r face ;  therefore 

provided by Eq. (49) i s  appropriate, i n  the l i m i t  where i.I a + vo, (Ta + 0 ,  

6 

f i e l d  i s  defined as w then Eq. (49) predicts  t h a t  

the  prediction 

-t k, a 3 to) and b * 03. If the frequency i n  the absence of the  magnetic a 

0' 

% 
= Fp (62) 

This expression is the  basis  f o r  the so l id  curve shown i n  Fig. 6. The dis- 

crepancy between theory and experiment i s  of an order expected from sources 

of experimental e r ror .  Ty-pically, the  resonance frequency i s  measured with 

confidence l i m i t s  of 2 5%. Calibration e r rors  are par t icu lar ly  troublesome 

because ohmic heating of the  f ie ld  co i l s  introduces e r ro r s  as great  as 10% 

i n  the inference of f i e l d  in t ens i t i e s  from c o i l  current.  

equilibrium geometry of the in te r face  is d i f f i c u l t  t o  maintain at higher 

f i e l d s ;  a d i rec t  re f lec t ion  of field-gradient e f f ec t s  not accounted fo r  and 

a source of e r r o r  i n  es tabl ishing the  proper value of k. Suff ic ient ly  short  

wavelength modes are represented i n  the  data  of Fig. 6 t h a t  the se l f - f ie ld  

e f f ec t s  dominate the  gradient, e f f ec t s ;  the  gradient term i n  Eq. (62) repre- 

sents  a correction under the  experimental conditions. 

Final ly ,  t he  f l a t  

Ultimately, the downward s h i f t  i n  resonance frequency i s  terminated by 

i n t e r f a c i a l  i n s t a b i l i t y  as the  frequency reaches zero, and Eq. (40)  i s  satis- 

fied. With increasing magnetization the  i n s t a b i l i t y  condition i s  f i r s t  met 



28 

f o r  a mode having the Taylor wavelength. 

subject of the  careful  investigations of Cowley and Rosensweig and appears t o  

have a threshold which i s  w e l l  understood. 

This se l f - f i e ld  i n s t a b i l i t y  i s  the  

B. Tangential Field Surface Waves 

With the tangent ia l  f i e l d  experiment shown i n  Fig. 7, the  resonance fre- 

quencies s h i f t  upward with increasing magnetization. The data shown result 

from experimental procedures similar t o  those discussed i n  Sec. A. In  t h i s  

experiment, nonuniformities i n  t h e  imposed f i e l d  are not s ign i f icant ,  and Eq. 

(42) suff ices  t o  predict  the frequency shifts .  

are within an agreenent consistent w i t h  sources of experimental e r ror .  

Again, theory and experiment 

C. Tangential-Field Gradient S tab i l iza t ion  

A dramatic demonstration of f e r ro f lu id  dynamics consis ts  cf simply sus- 

pending the l i qu id  i n  the  top of a p a r t i a l l y  f i l l e d  p l a s t i c  container with the 

f i e l d  from a s m a l l  permanent magnet. This is the  c l a s s i c  configuration of a 

l iqu id  suspended over a gas. 

Taylor i n s t a b i l i t y .  

The magnetic f i e l d  e a s i l y  Drevents Rayleigh- 

It should be c l ea r  from the discussion of uniform f i e l d  interact ions t h a t  

the self-field e f f ec t  cannot account f o r  s t ab i l i za t ion  of the  "upside-down" 

interface.  In a perpendicular f i e ld ,  i n s t a b i l i t y  r a the r  than s t a b i l i t y  is  a 

consequence of the  uniform f i e ld .  

bations propagating across the  f i e l d  l i n e s  are not s t ab i l i zed  by the  f i e ld .  

However, gradients i n  t h e  impdsed f i e l d  make it possible t o  r e t a in  a stable 

equilibrium of the  l i qu id  over the  gas, even with modest f i e l d s  and gradients. 

Note t h a t  the  magnetic f i e l d  i s  not used t o  support t he  f lu id ,  rather j u s t  t o  

s t a b i l i z e  the  f l u i d  interface.  

In  a tangent ia l  f i e l d ,  i n t e r f a c i a l  pertur- 
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The experiment shown i n  Fig. 8 demonstrates t h i s  gradient s tab i l iza t ion .  

Note t h a t  the  apparatus assumes es sen t i a l ly  the  geometry of Fig. 3b, w i t h  

Eqs. (56) and (57) giving a theo re t i ca l  prediction of the  condition f o r  

i n s t ab i l i t y .  Each experimental point represents a d i f fe ren t  equilibrium 

posit ion of t h e  surface,  such t h a t  Ho of Eq. ( 5 6 )  is proportional t o  1 / R  and 

t o  the  current ,  i ,  i n  the f i e l d  co i l s .  T h i s  i s  t h e  basis f o r  the  s o l i d  curve 

i n  Fig. 8. 

To obtain the data points shown, the f i e l d  magnitude and gradient are 

established by cal ibrat ion curves a t  f i v e  posit ions over the  1 - 5 cm. v e r t i c a l  

extent of the  f l u i d  volume. The f l u i d  is  in jec ted  between the magnetizable 

p la tes  u n t i l  t he  s e t  amount of current i s  no longer able t o  s t a b i l i z e  the  

equilibrium. It i s  important t ha t  at a l l  t i m e s  t h e  upper section of the con- 

ta iner  i s  maintained leak-tight,  so tha t  the f i e l d  i s  not used t o  support the 

l iquid.  A t  t he  point of i n s t a b i l i t y ,  the  l i qu id  suddenly runs down the  four 

edges of the container. 

along w i t h  t h e  current s e t t i ng ,  then const i tutes  a data  point on Fig. 8, 

The value of R (see Fig. 3b) at which t h i s  occurs, 

indicated by a c i r c l e .  

by holding the f l u i d  volume fixed, and reducing the current u n t i l  i n s t a b i l i t y  

Alternatively,  some data  points  (squares) are obtained 

i s  observed. 

Experimental results and theo re t i ca l  predictions are w e l l  within the  bounds 

expected from sources of experimental e r ror .  

VII. Concluding Remarks 
1 

Many interact ions between a f e r ro f lu id  and a magnetic f i e l d  involve a 

s ingle  homogeneous l iqu id  with one o r  more free surfaces. The developments given 

here emphasize t h a t ,  even including e f f e c t s  of nonuniform f i e l d s  and magnetic 

saturat ion,  these are surface interact ions.  Although major theore t ica l  a t tent ion 

is  given here t o  including e f f ec t s  of nonlinear magnetization charac te r i s t ics ,  
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i n  retrospect it can be recognized t h a t ,  f o r  many purposes, including aa 

approximate prediction of the experimental results reported i n  See. V I ,  a 

judicious choice of magnetization parameters makes it possible t o  predict  

the e s sen t i a l  features of the dynamics from a theory based on an equivalent 

l i nea r  magnetization charac te r i s t ic  . For example, Eqs.  (39) and (42) are i n  

many cases not altered great ly  i f  8, -+ k ,  Xs+ 

ac taa l  (saturated)  suscept ib i l i ty ,  X ,  i s  used t o  evaluate the magnetization. 

The equivalent l i nea r  theory must incorporate the  actual  magnetization o r  it 

is l ike ly  t o  be grossly i n  e r ror .  

X and q + 1, provided t h a t  the  

Although the s i tua t ions  investigated i n  See. I11 and beyond represent 

surface in te rac t ions ,  the  formulation given i n  See. I1 provides a convenient 

s t a r t i ng  point f o r  t h e  investigation of bulk i n s t a b i l i t y  and in te rna l  ferro- 

hydrodynamic waves as found i n  inhomogeneous f lu ids .  A n  important c lass  of 

interact ions i n  t h i s  category involves f lu ids  subject t o  combined thermal and 

magnetic stress - especially i f  the temperature extremes i n  the f l u i d  bulk 

bracket the  Curie point. 

i n  electrohydrodynmics (Turnbull & Melcher, 1969). 

Again, there i s  preceJent f o r  such s tudies  from work 
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L i s t  of Figure Captions 

Fig. 1 

Fig. 2 

Fig. 3 

Fig. 4 

Fig. 5 

Fig. 6 

Fluid magnetization density,  M ,  as a function of the  imposed m a g -  

ne t i c  f i e l d  in tens i ty  H. 

x on H. 

Cross-sectional view of i n i t i a l l y  planar in te r face  between magnetized 

The inser t s  show the  dependence of X and 

S 

l iqu ids  (a)  and (b). Current sheets a t  x =-b,a,as w e l l  as exci ta t ion 

currents f o r  the  magnetic c i r c u i t ,  induce the  i n i t i a l l y  uniform f i e l d s  

a --b H a n d H .  

Examples of nonuniform equilibrium f ie lds :  

interface;  b) F i e l d  tangent ia l  t o  in te r face ;  c )  Quasi-one-dimensional 

model f o r  ( a ) ;  

a)  

concentrated i n  neighborhood of equilibrium interface.  

b) Pendulum model f o r  (a) .  

a )  Variation of imposed f ie ld  in tens i ty  according t o  the  quasi-one- 

dimensional model f o r  concentrated f i e l d  gradient configuration of 

Fig. 4. 

b )  

c )  

of Fig. 4(b). 

a)  Apparatus f o r  measuring resonance frequencies with f i e l d  imposed 

perpendicular t o  interface;  vibrations of the  tank i n  the horizontal  

plane drive the  waves. 

b )  Relative frequency s h i f t  as a function of the  parameter F ,propor- 

t i o n a l  t o  the  applied f i e l d  intensi ty .  The frequency s h i f t s  downward 

a)  Field perpendicular t o  

(d )  Model f o r  ( b ) .  

Interface between f lu ids  ( E )  and (b) i n t e rac t s  with f i e l d  gradient 

Magnetic surface force density on r igh t  interface i n  Fig. 4(b).  

Total  magnetic force (per uni t  y-z area) on equivalent pendulum 

P 

as t h e  applied f i e l d  in tens i ty  i s  increased. 



Fig. 7 a)  Apparatus f o r  measuring resonance frequencies i n  tangent ia l  f i e l d  

b )  

t i o n a l  t o  the imposed magnetic f i e l d  intensi ty .  

square root of the  last term i n  Eq. (42) divided by w 1 7  . 

Relative frequency s h i f t  as a function of Ft, a parameter propor- 

Ft i s  defined as the 

0 

Fig. 8 a) Apparatus f o r  measuring conditions f o r  i n s t a b i l i t y  on interface i n  

adverse grav i ta t iona l  acceleration. 

the  gradient i n  imposed f i e l d  in tens i ty  required t o  s t ab i l i ze  the  

interface.  

b )  Conditions under which incipient  i n s t a b i l i t y  i s  observed. R i s  

the  distance from the  in te r face  t o  the  point at which the inner  sur- 

Magnetized s t e e l  plates  provide 

faces of the  s teel  plates  would converge i f  extended upward, while i 

i s  the  magnet current.  The so l id  curve is  predkted by Eq. (57) .  
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F i g .  2 Cross-sectional view of initially planar interface between magnetized 

Current sheets at x =-b,a,,as well as excitation l iqu ids  (a) and (b). 

currents for tine magnetic circuit, induce the initially uniform fields 
a "b H a n d H .  
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‘current sheet 

Fig. 3 Examples of nonykforn equilibrium fields: 

interface;  b) Field tangent ia l  t o  in te r face  ; c )  Quasi-one-dimensional 

mode1 for  ( a ) ;  

a)  Field perpendicular t o  

(di Model f o r  (b). 
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Fig. 4 a) In te r face  between f h i &  (a) and ( b )  
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i n t e r a c t s  w i t h  f i e l d  gradient 

concentrated i n  neighborhood of e q u i l i b r i m  in te r face .  

b )  Pendulum model f o r  ( a ) .  
1 
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Fig. 5 a) Variation of imposed f i e l d  in t ens i ty  according t o  the  quasi-me- 

dimensional model f o r  concentrated f i e l d  gradient configuration of 

Fig. 4. 

b) 

c )  

of F i g .  4(b).  

Magnetic surface force density on r i g h t  in te r face  i n  Fig. 4(b) .  

Total  magnetic force (per un i t  y-z area) on equivalent pendulun. 
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Fig. 8 a) Apparatus f o r  measuring condi ions f o r  i n s t a b i l  t y  on in te r face  .n 

adverse gravitationa.1 acceleration. 

t h e  gradient i n  imposed f i e l d  in t ens i ty  required t o  s t a b i l i z e  the  

Magnetized s t e e l  p l a t e s  provide - 

in te r face .  
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